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DIVISORIAL INSTABILITY AND VOJTA’S MAIN CONJECTURE FOR
Q-FANO VARIETIES
NATHAN GRIEVE
Abstract. We study Diophantine arithmetic properties of birational divisors in conjunc-
tion with concepts that surround K-stability for Fano varieties. There is also an interpreta-
tion in terms of the barycentres of Newton-Okounkov bodies. Our main results show how
the notion of divisorial instability, in the sense of K. Fujita, implies instances of Vojta’s Main
Conjecture for Fano varieties. A main tool in the proof of these results is an arithmetic form
of Cartan’s Second Main Theorem that has been obtained by M. Ru and P. Vojta.
1. Introduction
1.1. Our main purpose here, is to indicate how the barycentres of Newton-Okounkov bodies,
together with the concept of divisorial instability for a given Q-Fano variety, relate to Vojta’s
Main Conjecture. We then discuss examples which are made possible by insights of K. Fujita
[5]. Finally, we mention analogous implications for K-instability of Fano varieties.
1.2. A key theme in this article is that ideas from toric geometry, K-stability and measures
of singularities influence results in the direction of Diophantine approximation. We refer to
[9], and the references therein, for a more detailed discussion on these and other topics. Here,
we find it convenient to express our Diophantine approximation results using the language of
birational divisors. The concept of birational divisor appears in work of V. V. Shokurov (for
example [17]). It is closely related to the theory of divisorial valuations and the classification
problem in general.
1.3. That this birational divisor language is important for arithmetic purposes was noted
by P. Vojta [18]. This birational viewpoint from [18] has recently been developed further
[15].
1.4. In what follows, we state our arithmetic results in the number field setting. Similar
results hold true in the (characteristic zero) function field setting. Indeed, these viewpoints
are well developed in [7] and [9], for example, building on, and applying, earlier results from
[19] and [16].
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1.5. In particular, we establish the following result which shows how the concept of divisorial
instability, in the sense of [5], implies instances of Vojta’s Main Conjecture. At the same
time, it shows how these topics are related to the Newton-Okounkov body, of a given Fano
variety, with respect to a suitably defined (divisorial) admissible flag.
Theorem 1.1. Let K be a number field and fix a finite set of places S of K. Let X be a
Q-Fano variety defined over K and let E be an irreducible and reduced Cartier divisor over
X and defined over F/K, a finite extension of K, with K ⊆ F ⊆ K. Let
π : Y → XF
be a proper normal model with the property that E is supported on Y and fix an admissible
flag
Y• : Y = Y0 ) Y1 ) . . . ) Yd = {pt}
of subvarieties of Y with divisorial component
Y1 = E.
Let
∆ = ∆Y•(−KX)
be the Okounkov body of −π∗KX computed with respect to the flag Y• and let b1 be the first
coordinate of the barycentre of ∆. Assume that
b1 > 1.
Then the inequalities predicted by Vojta’s Main Conjecture hold true for E, the birational
divisor that is determined by E. Precisely, if B is a big line bundle on X and ǫ > 0, then
(1.1)
∑
v∈S
λE,v(x) + hKX (x) 6 ǫhB(x) + O(1)
for all K-rational points x ∈ X \ Z and Z ( X some proper Zariski closed subset defined
over K.
We prove Theorem 1.1 in Section 9.
1.6. Next, we turn to the question of Vojta’s Main Conjecture within the context of K-
stability for Fano varieties. In doing so, we obtain Theorem 1.2 below which extends and
improves upon existing recent related results (for example [9, Corollary 1.2] and [15, Corol-
lary 1.12]). For a brief summary of the results from K-stability for Fano varieties, we refer
to Section 7.
Theorem 1.2. Let K be a number field and fix a finite set of places S of K. Suppose that X
is a Q-Fano variety with canonical singularities, defined over K, and which is not K-stable.
Then X admits an irreducible and reduced Cartier divisor E, which is defined over some
DIVISORIAL INSTABILITY AND VOJTA’S MAIN CONJECTURE FOR Q-FANO VARIETIES 3
finite extension field F/K, with K ⊆ F ⊆ K, for which the inequalities predicted by Vojta’s
Main Conjecture hold true. Precisely, if B is a big line bundle on X and ǫ > 0, then
(1.2)
∑
v∈S
λE,v(x) + hKX (x) 6 ǫhB(x) + O(1)
for all K-rational points x ∈ X \ Z and Z ( X some proper Zariski closed subset defined
over K.
In (1.1) and (1.2), E denotes the birational divisor determined by E and λE,v(·) is the
birational Weil function of E with respect to v. Theorem 1.2 is also proved in Section 9.
1.7. Notations and other conventions. Unless explicitly stated otherwise, we let K be
a number field and F/K a finite field extension, with K ⊆ F ⊆ K, for K a fixed algebraic
closure of K. By variety over a fixed base field k, we mean a reduced projective scheme
over Spec(k). By a model of a normal variety X , we mean a proper birational morphism
π′ : X ′ → X from a normal variety X ′. When no confusion is likely, we omit explicit mention
of fields of definition for such models X ′. By a Q-Fano variety X over K, we mean that X is
a geometrically normal, geometrically irreducible projective variety, defined over K, having
the property that X
K
has at most log-terminal singularities and, finally, having the property
that the anti-canonical divisor −KX is an ample Q-Cartier divisor.
1.8. Acknowledgements. I thank Steven Lu, Mike Roth and colleagues for discussions on
related topics. This work benefited from visits to CIRGET, Montreal, and NCTS, Taipei,
during the Summer of 2018. It was written while I was postdoctoral fellow at Michigan State
University.
2. Construction of Okounkov bodies
2.1. Recall the construction of Okounkov bodies [12]. In this section, we implicitly work
over a fixed algebraically closed base field. Similar considerations apply for the case of
non-algebraically closed based fields; we then must keep track of fields of definition.
2.2. Let X be an irreducible projective variety, of dimension d, and fix a flag of irreducible
subvarieties
(2.1) Y• : X = Y0 ) Y1 ) . . . ) Yd−1 ) Yd = {pt}.
We assume that this flag satisfies the two properties that
(i) each Yi has codimension i in X ; and
(ii) each Yi is nonsingular at Yd.
We call such flags admissible.
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2.3. Let D be a Cartier divisor on X . Fixing such an admissible flag (2.1), we may discuss
the Okounkov body
∆(D) = ∆Y•(D)
of D with respect to Y•. In particular, for each m > 0, the given fixed admissible flag
determines a valuation like function. We denote such functions as
νY• = νY•,mD : H
0(X,OX(mD))→ Z
d
⋃
{∞};
the graded semigroup of D is then
Γ(D) := {(νY•(s), m) : 0 6= s ∈ H
0(X,OX(mD)), for m > 0} ⊆ N
d × N = Nd+1.
2.4. To define the Okounkov body of D with respect to Y•, let
Σ(Γ) ⊆ Rd+1
be the closed convex cone (with vertex at the origin) spanned by Γ. The Okounkov body
∆(D) = ∆Y•(D),
with respect to the fixed flag Y•, is the compact convex set
∆(D) = ∆Y•(D) = Σ(Γ)
⋂(
Rd × {1}
)
.
2.5. The starting point for the theory of Okounkov bodies is the fact that, for big Cartier
divisors D on X , the Euclidean volume of ∆(D) is related to the volume of OX(D) via
(2.2) VolRd(∆(D)) =
1
d!
VolX(OX(D)).
3. Slices of Okounkov bodies and restricted volume functions
3.1. Fix X , a geometrically irreducible and geometrically normal projective variety over K
and let L be a big and nef line bundle on X , defined over K.
3.2. Let E be an irreducible and reduced Cartier divisor over X and defined over F. We
regard E as a Cartier divisor on Y a proper normal model of
XF := X ×Spec(K) Spec(F).
In particular, we fix a proper birational morphism
π : Y → XF
and, by abuse of notation, denote
π∗L = π∗LF,
for the pullback of LF to Y .
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3.3. Henceforth, we want to study the Okounkov body
∆ = ∆(π∗L) = ∆Y•(π
∗L)
which is computed with respect to an admissible flag
(3.1) Y• : Y = Y0 ) Y1 ) . . . ) Yd−1 ) Yd = {pt}
with divisorial component
Y1 = E.
3.4. Let
pr1 : ∆→ R
be the projection onto the first component and set
∆(π∗L)|ν1=t = ∆(π
∗L)ν1=t := pr
−1
1 (t) ⊆ {t} × R
d−1 = Rd−1.
For later use, put
µ = µ(L,E) := sup{t > 0 : π∗L− tE ∈ Big(Y )};
we mention the following important fact from [12].
Proposition 3.1. With the notations and assumptions of this section, the Euclidean volume
of
∆(π∗L)|ν1=t = ∆(π
∗L)ν1=t
and the restricted volume of the line bundle
π∗L− tE,
along E, for 0 6 t < µ, are related by
VolRd−1(∆(π
∗L)|ν1=t) =
1
(d− 1)!
VolY |E(π
∗L− tE).
Proof. This is implied by statement (ii) of [12, Corollary 4.27]. 
4. The barycentre of Okounkov bodies
4.1. In this section, we continue with the context of Section 3. To this end, let X be a
geometrically irreducible and geometrically normal projective variety over K and let L be a
big and nef line bundle on X , defined over K. Let E be an irreducible and reduced Cartier
divisor over X , defined over F, and fix a proper normal model
π : Y → XF
for which E is realized as a Cartier divisor.
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4.2. Our main goal is to indicate the manner in which, on the one hand, the asymptotic
volume constant of (X,L) along E, namely the quantity
(4.1) β(L,E) :=
∫ ∞
0
VolY (π
∗L− tE)
VolX(L)
dt,
is related to, on the other hand, the centre of mass of the Okounkov body
∆(L) = ∆Y•(L) = ∆(π
∗L),
with respect to an admissible flag Y• of the form (3.1) with divisorial component
Y1 = E.
4.3. Such observations are essentially due to K. Fujita and are implicit, for example, in [5,
Proof of Theorem 7.1]. Here, we isolate a form of that statement which is suitable for our
purposes.
Proposition 4.1. Suppose that (X,L) is a polarized variety over a number field K, let E
be an irreducible and reduced Cartier divisor over X, defined over a finite extension F/K,
K ⊆ F ⊆ K, and fix an admissible flag Y• of the form (3.1), with divisorial component
Y1 = E,
and supported on some normal proper model
π : Y → XF.
Let b1 be the first coordinate of the barycentre of the Okounkov body
∆ = ∆(L) = ∆Y•(L)
of L with respect to Y•. Then b1 and β(L,E) coincide
β(L,E) = b1.
Proof. As mentioned, in Proposition 3.1, we have, for all t ∈ [0, µ], that
VolRd−1(∆|ν1=t) =
1
(d− 1)!
VolY |E(π
∗L− tE).
In particular, the first coordinate of the barycentre of ∆(L) is
(4.2) b1 :=
∫ µ
0
t ·VolRd−1(∆|ν1=t)
VolRd(∆)
dt = d
∫ µ
0
t ·VolY |E(π
∗L− tE)
VolX(L)
dt.
It is known, for example as proven in [8], that the rightmost quantity which appears in (4.2)
is equal to β(L,E). 
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5. Divisorial stability for Q-Fano varieties
5.1. In this section, we discuss the concept of divisorial stability for Q-Fano varieties, which
was introduced by K. Fujita [5].
5.2. Let X be a Q-Fano variety over K. By this, we mean that X is a geometrically normal,
geometrically irreducible projective variety, defined over K, having the property that X
K
has
at most log-terminal singularities and, finally, having the property that the anti-canonical
divisor −KX is an ample Q-Cartier divisor.
5.3. Let E be an irreducible and reduced Cartier divisor over X , defined over F, and fix a
proper normal model
π : Y → XF
for which E is realized as a Cartier divisor. Similar to [5], we set
(5.1) η(E) := VolX(−KX)−
∫ ∞
0
VolY (−π
∗KX − tE)dt.
We say that η(E) is the divisorial stability threshold for X with respect to E.
5.4. We mention the concept of divisorial stability for X along E as is defined in [5].
Similarly, we may discuss the concept of divisorial stability for X in general. This concept
is similar to but, strictly speaking, different than the concept of K-stability. We refer, for
example, to [5] for a more detailed discussion of these topics. In particular, the concepts of
K-stability and divisorial stability coincide in dimension 2 [5, Proposition 2.6].
5.5. To begin with, the concept of divisorial stability along a divisor is made precise in the
following way.
Definition 5.1. We say that a Q-Fano variety X is divisorially stable along E if η(E) > 0
for all reduced, irreducible Cartier divisors E over X , and having field of definition some
finite extension F/K, K ⊆ F ⊆ K. We say that X is divisorially semi-stable along E if
η(E) > 0 for all such reduced and irreducible Cartier divisors E over X .
5.6. Similarly, we formulate the concept of divisorial stability in general.
Definition 5.2. We say that a Q-Fano variety X is divisorially stable if η(E) > 0 for all
reduced, irreducible Cartier divisors E over X , and having field of definition some finite
extension F/K, K ⊆ F ⊆ K. We also say that X is divisorially semi-stable if η(E) > 0 for
all such reduced and irreducible Cartier divisors E over X . We use the term unstable, or
instability, to indicate that a condition of being stable, or of stability, does not hold true.
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5.7. Before stating Theorem 5.4 below, we make precise the (evident) relation amongst the
signatures of β(−KX , E) and η(E) along E, a Cartier divisor over X and having field of
definition F.
Lemma 5.3. With the notations and assumptions of this section, we have that
(5.2) η(E) < 0 (resp. 6 0)
if and only if
(5.3) β(−KX , E) > 1 (resp. > 1).
In particular,
(5.4) β(−KX , E) > 1
if and only if X is not divisorially stable along E.
Proof. The desired inequalities (5.2) and (5.3) follow from the definitions (4.1) and (5.1).
Indeed, note that η(E) and β(−KX , E) are related by
(5.5)
η(E)
VolX(−KX)
= 1− β(−KX , E).
It follows from (5.5) that
η(E) < 0 (resp. 6 0)
if and only if
β(−KX , E) > 1 (resp. > 1).
Finally, to obtain the instability conclusion which is implied by the inequality (5.4), use
Definition 5.1 together with the equivalence of (5.2) and (5.3). 
5.8. We conclude this section by describing the characterization of divisorial instability
along a given Cartier divisor. This observation is an extended complementary form of [5,
Theorem 7.1].
Theorem 5.4. Let X be a Q-Fano variety defined over K, and fix an admissible flag of the
form (3.1), with divisorial component
Y1 = E
an irreducible and reduced Cartier divisor over X, defined over F, and supported on a normal
proper model
π : Y → XF.
Let
∆ = ∆(−KX) = ∆Y•(−KX)
be the Okounkov body of −KX , computed with respect to the flag Y•, and let b1 be the first
coordinate of its barycentre. The following conditions are equivalent.
(i) X is not divisorially stable along E;
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(ii) b1 > 1; and
(iii) β(−KX , E) > 1.
Proof. The equivalence of all three assertions follows by combining Lemma 5.3 and Propo-
sition 4.1, applied to L = −KX . 
6. Examples of divisorial unstable Q-Fano varieties
6.1. In this section, we briefly describe examples, including several from [5], which pertain
to divisorial instability for Q-Fano varieties along divisors. The fact that these examples are
divisorially unstable along a given divisor follows, for example, from Theorem 5.4 together
with a calculation of the asymptotic volume constant.
6.2. Examples. To begin with, we mention three well known examples, which may be
obtained by direct methods.
(i) If X = Pn and H is a hyperplane, then it follows directly from the Definition 4.1 that
β(−KX , H) = 1.
Thus, X = Pn is a Q-Fano variety which is not divisorially stable along H .
(ii) If X = P1 × P1 and E an exceptional divisor that is obtained by blowing up a closed
point, then
−KX = OX(2, 2)
and so
β(−KX , E) = 4/2
by [13, Example before Lemma 4.1].
(iii) Let E1, . . . , Eq be effective Cartier divisors on a d-dimensional Q-Fano variety X ,
defined over K, and in general position. Suppose further, that each of the Ei are
linearly equivalent to a fixed ample divisor on X and that
−KX = E1 + . . .+ Eq.
Then, combining the discussion that follows the Analytic General Theorem of [15],
see also [1], together with results from [9] and [8], we obtain that
β(−KX , Ei) =
q
d+ 1
.
6.3. Examples. The case of divisorial stability for Q-Fano varieties is studied in detail in
[5]. Here, we summarize some representative examples of divisorial instability.
(i) It follows from [5, Corollary 6.3] that each toric Q-Fano variety X is divisorially
unstable along some torus invariant divisor.
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(ii) As two more explicit examples which include instances of (i), we mention that if
X˜ is the blowing-up of P2 at a closed point with exceptional divisor E, then X˜ is
not divisorially stable along E, see for instance [5, Example 1]. Further, if X˜ is
the blowing-up of P2 along two distinct points with exceptional divisors E1 and E2
and if E0 denotes the strict transform of the line passing through the centres of the
blowing-up, then X˜ is not divisorially stable along E0.
(iii) Divisorial stability for Fano 3-folds is studied in detail in [5, Theorem 10.1]. For
example, there it is proven that each Fano threefold with Picard number at least 6 is
not divisorially stable.
7. On K-stability for Fano varieties and Vojta’s Main Conjecture
7.1. In this section, we show how the property that a Q-Fano variety X , with canonical
singularities, is not K-stable, is related to validity of Vojta’s Main Conjecture, when applied
to a certain collection of divisorial valuations.
7.2. In general, the extent to which such a Q-Fano variety is K-stable is not obvious. Fix a
divisorial valuation ν over X with field of definition F a finite extension of K contained in
K. In particular, the valuation ν determines an irreducible Cartier divisor over X together
with a birational divisor as well as a divisorial filtration of the anti-canonical ring. Denote
these respective objects by E, D(ν) and F•R(X,−KX).
7.3. Recall, that the filtration F•R(−KX) is defined over F. It turns out that
(7.1) βν(−KX) = β(−KX , E),
the asymptotic volume constant of (X,−KX) with respect to ν, is related to the property
that X is K-stable. Furthermore, by work of K. Fujita [6] (and others), it is known that
K-stability for the polarized variety (X,−KX) can be characterized in terms of the log
discrepancies together with the quantity (7.1).
7.4. Let D(ν) be the (prime) birational divisor that is determined by ν. Fix a normal proper
model
π : X ′ → X
for which D(ν) has trace a Cartier divisor
D(ν)X′ = E.
The discrepancy of ν is the well-defined quantity
(7.2) a(X,E) = a(X, ν) := ordD(ν)
X′
(KX′/X).
In (7.2), the divisor KX′/X denotes the relative canonical divisor
KX′/X := π
∗KX −KX′ .
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Recall, that X having log-terminal singularities means that all such discrepancies are strictly
greater than minus one; the condition that X has canonical singularities means that these
quantities are all nonnegative.
7.5. By reformulating results which were established by Fujita, [6], the condition that a
Q-Fano variety X be K-stable can be expressed as Theorem 7.1 below. Before stating this
result, using terminology that is consistent with [6, Definition 1.3], we say that a Cartier
divisor E over X , supported on some normal proper model
π : Y → XF,
and having field of definition F, is dreamy if the bigraded algebra⊕
m,ℓ∈Z>0
H0 (Y,−π∗rmKX − ℓE)
is finitely generated for some r ∈ Z>0, which has the property that −rKX is a Cartier divisor.
7.6. Having fixed such terminology, the characterization of K-stability that was established
in [6] may be formulated in the following manner.
Theorem 7.1 ([6]). A Q-Fano variety (X,−KX) is not K-stable if and only if the inequality
(7.3) a(X, ν) 6 βν(−KX)− 1
holds true for at least one such dreamy divisorial valuation ν over X, defined over some
finite extension of the base number field K.
Proof. In [6, Theorem 1.6], it is shown that such a Q-Fano variety X is K-stable if and only
if
βν(−KX) > a(X, ν) + 1
for all such dreamy divisorial valuations ν. (Note that the condition there is expressed in
terms of the log discrepancies as opposed to the traditional concept of discrepancies, [10],
which we adopt here.) In particular, Theorem 7.1, as stated here, is simply an equivalent
formulation of [6, Theorem 1.6]. 
7.7. Remark. Conditions of K-stability for a Q-Fano variety X may be expressed in terms
of its δ-invariant
(7.4) δ(X) := δ(−KX) = inf
E
a(X,E) + 1
β(−KX , E)
.
Here, in (7.4), we take the infimum over all prime Cartier divisors E over X
K
. We refer
to [14], and the references therein, for a more detailed discussion about these topics. For
example, it is conjectured that a Q-Fano variety X is K-stable if and only if δ(X) > 1 [14,
Conjecture 1.6]. It is known that the condition of K-semi-stability is characterized by the
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condition that δ(X) > 1, whereas the concept of uniform K-stability, in the sense of [4], is
characterized by the condition that δ(X) > 1. Establishing such results is the subject of [2].
7.8. Examples. The work [14] studies the δ-invariant of del Pezzo surfaces.
(i) In particular, [14, Section 6], gives examples of del Pezzo surfaces with δ-invariant at
most equal to one. More precisely, there it is shown that if S is the del Pezzo surface
of degree seven, obtained by blowing-up P2 at the two points p1 = [0 : 0 : 1] and
p2 = [0 : 1 : 0], then
δ(S) 6 21/25.
(ii) It is also shown in [14, Section 6] that the Hirzebruch surface F1, which is obtained
by blowing-up P2 at the point p1 = [0 : 0 : 1], has the property that
δ(F1) 6 6/7.
7.9. Theorem 7.1 has the following consequence which we use in the course of proving
Theorems 1.2 and 9.3.
Corollary 7.2. Suppose that X is a Q-Fano variety with canonical singularities. If X is
not K-stable, then
(7.5) βν(−KX) > 1
for at least one divisorial valuation ν over X and having field of definition some finite
extension of the base number field K.
Proof. If X has canonical singularities, then
(7.6) a(X, ν) > 0
and so Corollary 7.2 follows from Theorem 7.1 because combining (7.3) with (7.6), we obtain
the desired inequality
βν(−KX) > 1.

8. Birational Weil function preliminaries
8.1. In this article, our main interest in divisorial instability for Q-Fano varieties is because
of its relation to Vojta’s Main Conjecture (see Theorems 1.1 and 9.2). The key points to
obtaining these observations, are results that were proved in [9, Corollary 1.3] and, indepen-
dently, in [15, Corollary 1.12].
8.2. We state our result in Section 9 and, there, we find it convenient to express our
result using the birational Weil function formalism. In particular, in this section, we fix our
DIVISORIAL INSTABILITY AND VOJTA’S MAIN CONJECTURE FOR Q-FANO VARIETIES 13
arithmetic preliminaries and develop further the basic theory of birational Weil functions
that has been given by Ru and Vojta, in [15], and extending earlier insights of Vojta [18].
Absolute values, product formula and height functions.
8.3. Let K be a number field with algebraic closure K. We let MK be the set of absolute
values onK, which is constructed following the conventions of [3]. In particular,MK satisfies
the product formula with multiplicities equal to one∏
v∈MK
|x|v = 1,
for all x ∈ K×. At times, we find it convenient to identify elements of MK with the places
of K that they determine.
8.4. Let F/K be a finite extension, with K ⊆ F ⊆ K, and w a place of F that lies over
v ∈MK. Put
|| · ||w := |NFw/Kv(·)|v
for
NFw/Kv(·) : Fw → Kv
the norm from Fw, the completion of F with respect to w, to Kv the completion of K with
respect to v. In particular, setting
| · |w,K := || · ||
1
[Fw :Kv ]
w ,
we obtain an absolute value on F that extends | · |v.
8.5. Our conventions about height functions are similar to those of [9], [3] and [11]. For
example, the logarithmic height of a K-rational point
x = [x0 : · · · : xn] ∈ P
n(K),
of projective n-space, with respect to the tautological line bundle OPn(1), is defined to be
(8.1) hOPn (1)(x) =
∑
v∈MK
logmax
i
|xi|v.
8.6. By pulling back the quantity (8.1), we obtain a concept of (logarithmic) height functions
for polarized varieties (X,L) over K. In general, by writing an arbitrary line bundle, on X
and defined over K, as the difference of two ample line bundles, we obtain a concept of
logarithmic height for each line bundle on X , defined over K.
Birational divisors and fields of definition.
8.7. Let X be a geometrically integral, geometrically normal projective variety over K. By
a model of X , we mean a proper birational morphism Y → X , defined over K, where Y is
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a geometrically integral, geometrically normal variety over K. More generally, we may also
consider models of X , or more precisely models of XF, that are defined over F. We let K(X)
denote the function field of X and F(X) the function field of XF.
8.8. We represent birational Q-divisors D over X as an equivalence class of pairs (Y,D),
where Y is a model of X and where D is a Q-Cartier divisor on Y . In particular, D is the
trace of D on Y . Furthermore, the equivalence classes are those for which the equivalence
relation is that generated by
(Y1, D1) ∼ (Y2, D2)
whenever Y1 dominates Y2 via a morphism
φ : Y1 → Y2
and
D1 = φ
∗D2.
More generally, we may also consider birational divisors D over X , defined over F.
Birational Weil functions.
8.9. We represent the local birational Weil function of a birational divisor D, with respect
to a place v of K, by λD,v(·). Such functions may also be realized as equivalence classes of
pairs
(Y, λD,v(·)),
for (Y,D) a pair corresponding to D, and λD,v(·) a local Weil function for D with respect to
v.
8.10. Following the approach of [3], the idea is to define local birational Weil functions by
using equivalence classes of presentations. By a presentation of a b-Cartier divisor
D = (Y,D)
on X , we mean an equivalence class of presentations
D = (Y,D).
Here,
D = (sD;L; s;M ; t)
is a presentation for D considered as a Cartier divisor on Y .
8.11. The equivalence classes of presentations are those for the equivalence relation that is
generated by
(Y1,D1) ∼ (Y2,D2)
whenever Y1 dominates Y2 via a morphism
φ : Y1 → Y2
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and where D1 is related to D2 via
D1 = φ
∗D2.
8.12. Fix a birational equivalence class of presentations denoted as
[D] = (Y,D).
We then may form
[λD(·, v)] = (Y, λD(·, v)),
the birational equivalence class of local Weil functions. Here, λD(·, v) is the Weil function
on Y determined by D. Again, the equivalence relation is governed by
(Y1, λD1(·, v)) ∼ (Y2, λD2(·, v))
whenever
λD1(·, v) = φ
∗λD2(·, v) = λφ∗D2(·, v)
for Y1 and Y2 models of X with Y1 dominating Y2 via a morphism
φ : Y1 → Y2
and, again, the presentations D1 and D2 are related by
D1 = φ
∗D2.
8.13. Finally, similar to [9], we may construct birational Weil functions λD,v(·) for D a
birational divisor overX and defined over F. Indeed, let w be place of F over v. Furthermore,
write
D = (Y,D)
for an equivalence class of presentations defined over F. Again
D = (s;M, s;N, t)
is a presentation of OY (D), for Y a model of X (defined over F). From this perspective, the
birational Weil function λD,v(·) has shape
λD(·, v) = max
k
min
ℓ
log
∣∣∣∣ sktℓs(·)
∣∣∣∣
v,K
= max
k
min
ℓ
log
∣∣∣∣
∣∣∣∣ sktℓs(·)
∣∣∣∣
∣∣∣∣
1
[Fw:Kv ]
w
.
9. Instability and consequences for Vojta’s Main Conjecture
9.1. The purpose of this section, is to discuss Vojta’s Main Conjecture within the context
of divisorial instability for Fano varieties. In doing so, we extend and clarify previous results
on this topic, for example [9] and [15]. Throughout this section, we fix a finite set of places
S of K. Again, F/K, denotes a finite extension of fields, K ⊆ F ⊆ K.
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9.2. To begin with, we observe how the asymptotic volume constant may be used to establish
instances of Vojta’s Main Conjecture. Such observations have already been made in [9] and,
independently, in [15]. Here, we establish a slight variant of those results which are adept
for our purposes here.
Proposition 9.1. Let K be a number field and fix a finite set of places S of K. Let X be
a Q-Fano variety defined over K and let E be a reduced, irreducible Cartier divisor over X
and defined over F/K, a finite extension of K, with the property that K ⊆ F ⊆ K. Let
E be the birational divisor that is determined by E and assume that the asymptotic volume
constant β(−KX , E) is at least equal to 1. Then the inequalities predicted by Vojta’s Main
Conjecture hold true for E. Precisely, if B is a big line bundle on X and ǫ > 0, then
(9.1)
∑
v∈S
λE,v(x) + hKX (x) 6 ǫhB(x) + O(1)
for all K-rational points x ∈ X \ Z and Z ( X some proper Zariski closed subset defined
over K.
9.3. In particular, we now use results from [9] to prove Theorem 9.2.
Proof of Proposition 9.1. Let
π : X ′ → XF
be a normal proper model of X with the property that E is supported on X ′. By assumption
(9.2) β(−KX , E) > 1.
We now note that, without loss of generality, by arguing as in [9, Proof of Theorem 5.1],
to establish the desired inequality (9.1), it suffices to establish the inequality
(9.3)
∑
v∈S
λE,v(x) + hKX (x) 6 ǫh−KX (x) + O(1)
for all K-rational points x ∈ X outside of some proper Zariski closed subset Z ( X .
To establish (9.3), note that the inequality (9.3) is implied by the inequality
(9.4)
∑
v∈S
λE
X′
,v(x
′) 6 (ǫ+ 1)h−π∗K
X′
(x′) + O(1)
for all K-rational points x′ ∈ X ′ outside of some proper Zariski closed subset Z ′ ( X ′.
Recall that the asymptotic volume constant β(−KX , E) is birationally invariant. In par-
ticular
(9.5) β(−KX , E) = β(−π
∗KX , E);
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it follows, by applying the Main Arithmetic General Theorem of [9], compare also with [15],
that the inequality
(9.6)
∑
v∈S
λE
X′
,v(x
′) 6
(
1
β(−KX , E)
+ ǫ
)
h−π∗KX (x
′) + O(1)
holds true for all x′ ∈ X ′ outside of some proper Zariski closed subset Z ′ ( X ′, and defined
over K.
By assumption, we have the inequality (9.2); it follows that the righthand side of the
inequality (9.6) is at most the righthand side of the inequality (9.4). In particular, by
combining these inequalities (9.6) and (9.4) we obtain the inequality
(9.7)
∑
v∈S
λE
X′
,v(x
′) 6
(
1
β(−KX , E)
+ ǫ
)
h−π∗KX(x
′) + O(1) 6 (1 + ǫ)h−π∗KX(x
′) + O(1)
for all K-rational points x′ ∈ X ′ outside of some proper Zariski closed subset Z ′ ( X ′. The
inequality (9.7) establishes the inequality (9.4) and implies the desired inequality (9.1). 
9.4. Using Proposition 9.1, we are able to establish Theorem 9.2 below.
Theorem 9.2. Let K be a number field and fix a finite set of places S of K. Let X be a
Q-Fano variety defined over K and let E be a reduced, irreducible Cartier divisor over X
and defined over F/K, a finite extension of K, with the property that K ⊆ F ⊆ K. Let E be
the birational divisor that is determined by E and assume that X is not divisorially stable
along E. In particular, if B is a line bundle on X and if ǫ > 0, then
(9.8)
∑
v∈S
λE,v(x) + hKX (x) 6 ǫhB(x) + O(1)
for all K-rational points x ∈ X \ Z and Z ( X some proper Zariski closed subset defined
over K.
Proof of Theorem 9.2. Let
π : X ′ → XF
be a normal proper model ofX with the property that E is supported onX ′. By assumption,
X is not divisorialy stable along E. By Theorem 5.4, this is equivalent to the condition that
(9.9) β(−KX , E) > 1.
Because of (9.9), the hypothesis of Proposition 9.1 are satisfied. The conclusion of Proposi-
tion 9.1 is that which is desired by Theorem 9.2. 
9.5. We are now able to prove Theorem 1.1.
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Proof of Theorem 1.1. By Proposition 4.1, the condition that
β(−KX , E) > 1
is equivalent to the condition that
b1 > 1.
Thus, the conclusion desired by Theorem 1.1 is implied by that of Theorem 9.2. 
9.6. Next, we establish our main result in the direction of Vojta’s Main Conjecture within
the context of K-stability for Fano varieties. Recall that we stated that result as Theorem
1.2. In particular, this result may also be seen as an improvement to the known previous
existing results on this topic, for example [13, Theorem 10.1], [9, Corollary 1.3] and [15,
Corollary 1.12]. We restate this result as Theorem 9.3 below.
Theorem 9.3. Suppose that X is a Q-Fano variety with canonical singularities, defined over
K, and which is not K-stable. Then X admits an irreducible and reduced Cartier divisor
E, with field of definition some finite field extension F/K, with K ⊆ F ⊆ K, for which the
inequalities predicted by Vojta’s Main Conjecture hold true.
Proof of Theorems 1.2 and 9.3 . By assumption, X is a Q-Fano variety with canonical sin-
gularities and is not K-stable. By Corollary 7.2, it follows that
β(−KX , E) > 1
for at least one irreducible and reduced Cartier divisor E over X with field of definition some
finite field extension F/K, K ⊆ F ⊆ K. Again, the hypothesis of Proposition 9.1 is satisfied
and the conclusion desired by Theorems 1.2 and 9.3 hold true. 
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